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In the present paper we analyze a toy model for an f(φ,R) gravity which has the form of a power-
law modified gravity in which the exponent is space-time dependent. Namely, we investigate the
effects of adding to the Hilbert-Einstein action an Rφ-term. We present possible equivalences of the
model with known models of modified gravity theories and examine the problem of matter stability
in this model. Like f(R)-gravity toy models, the present one offers the possibility of unifying the
early and the late-time evolution of the Universe. We show that the behavior of the scalar field
depends globally on the size of the Universe and locally on the surrounding environment. For
the early Universe it lets appear a huge cosmological constant that might drive inflation. For the
late-times it lets appear globally a tiny cosmological constant.
PACS numbers: 04.50.-h, 98.80.Es, 95.35.+d
I. INTRODUCTION
Modified gravity toy models play an essential role both
in providing us with a better understanding of General
Relativity and in the investigation of alternative ways of
extending the latter to explain the observed Universe.
Early on [1], it has been shown that a rapid expansion of
the early Universe occurs if one just added an R2-term to
the Hilbert action. Recently, it was realized that this the-
ory belongs in fact to a family of modified gravity models
known as f(R)-gravity theories which have the capacity
of explaining also the currently accelerated expansion of
the Universe, and hence, provide a unifying description
of the early and the late-time evolution of the Universe
(see for example [2].)
Motivated by more fundamental theories like string
theories [3] or the study of renormalization in curved
space-times [4], quadratic invariants such as R2, RµνR
µν
or RµνλσR
µνλσ (as well as R) were introduced. Re-
cently, however, research on modified gravity theories
has extended to include more general and arbitrary func-
tions of the curvature R and the other invariants. Many
models are proposed that range from power-laws of the
form Rn, with n positive or negative, or a combination of
terms with different powers, to models with more elabo-
rated functionals of the above invariants (see the recent
reviews [5, 6].)
Power-law modified gravity models are mathematically
simpler. The fixed powers of the curvature in these mod-
els are estimated individually by applying the model to
study the evolution of the Universe as a whole [7] or to
study isolated systems [8, 9]. The required powers, how-
ever, usually do not take integral values and are deter-
mined within an interval of possible values. Moreover,
arguments for the cosmological non-viability of power-
law f(R)-gravity are elaborated recently in [10–12].
On the other hand, modifying General Relativity by
introducing a scalar field in the gravitational sector also
∗ fayhammad@gmail.com
brings new possibilities. The prototype of such models is
the Brans-Dicke scalar-tensor theory [13] that produces
a variable gravitational constant using a positive-valued
scalar field that does not couple directly with matter
but only through geometry thanks to its non-minimal
coupling with gravity. Therefore, in the wider class of
f(φ,R)-modified gravity theories [2, 14] one may com-
bine the advantages brought by the scalar field with those
brought by the higher-order geometric invariants. In the
present paper we shall analyze a f(φ,R) toy model that
still belongs to the family of power-law models in which,
however, the exponent of the curvature is not fixed but
is taken to be space-time dependent by promoting it to
the rank of an independent scalar field. Namely, we shall
examine the possibility of adding to the Hilbert-Einstein
action a term of the form Rφ. We apply it to the descrip-
tion of the early and the late-time Universe and investi-
gate its stability with respect to matter.
II. THE MODEL AND ITS EQUATIONS OF
MOTION
In this section we shall introduce the model, examine
its possible equivalences and expose its qualitative fea-
tures, and then derive its field equations. Our model be-
longs to the generalized scalar-tensor theories of gravity
[14]:
S =
1
2
∫
d4x
√−g [f(φ,R)− η∂µφ∂µφ] + SM . (1)
We shall work in units where 8piG = c = 1 throughout
the present paper. The functions f(φ,R) of the scalar
field φ and the Ricci curvature R in this class of modified
gravity theories are required to be regular but are other-
wise arbitrary. The contribution of the kinetic term of the
scalar field is quantified by the dimensionless parameter
η. The contributions of ordinary matter are contained
in the action SM =
∫
d4x
√−gL(gµν , ψ) of the matter
fields ψ, with possible coupling with φ that will not be
discussed here. The specific choice we make in this paper
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2for the function f(φ,R) is the following
f(φ,R) = R− µ2
(
R
R0
)φ
−m2φ2. (2)
Here µ is a parameter, with a mass dimension, whose
order of magnitude will be discussed in Sec. III. R0 is a
constant, with the dimensions of (length)−2, that is as-
sumed to be very big in order for the ratio to be small at
low curvatures and of order unity at high curvatures that
reign at the beginning of inflation. We shall thus iden-
tify R0 with the Planck curvature M
2
Pl ∼ (1019GeV)2.
The mass of the scalar field φ is m whose order of mag-
nitude will be discussed in Sec. IV. Before deriving the
field equations we shall first expose some qualitative fea-
tures of the model. We begin by discussing the possible
equivalences of the model with other known families of
modified gravity models, then we discuss the qualitative
behavior of the effective potential of the scalar field.
A. Possible equivalences
It is well-known that when the scalar field is non-
dynamical, that is if we choose η = 0 in (1), the scalar
in a f(φ,R) gravity becomes an auxiliary field and it is
always possible to turn the model into a pure f(R) model
by substituting the equation of motion of the scalar field
[2, 14]. However, for the model (2) one does not obtain
from the equation of motion of the auxiliary field a simple
expansion in terms of R as can be seen from the identity
(7) below obtained by varying φ in (2). In fact, iden-
tity (7) can only be solved numerically. Thus even if the
scalar field in the model (2) were non-dynamical it would
not be equivalent to a simple f(R) gravity, and hence it
would be more convenient to treat the scalar field as an
independent field.
In fact, the scalar field may be viewed as a real pa-
rameter that defines a continuous family of gravitational
Lagrangians. The family contains a Lagrangian suited for
high curvatures and another for low curvatures. When
R  R0, as we shall see in Sec. III, φ → 0 and the
functional (2) becomes f(φ,R)→ R−µ2, thus reproduc-
ing the Hilbert action with a huge cosmological constant
that may serve during inflation provided that µ is suf-
ficiently big. When R  R0 one may, as we shall see
in Sec. IV, have a very small but finite value φ0 whence
f(φ,R) → R −m2φ20, reproducing again the Hilbert ac-
tion but with a tiny cosmological constant suited for the
late-times of the expansion of the Universe.
There is actually a conformal transformation that per-
mits to simplify the model by rendering it linear in the
scalar curvature when φ > 0. Indeed, under the confor-
mal transformation
gµν(x)→ Ω2(x)gµν(x), (3)
and provided that the scalar transforms as φ(x) →
Ω−1(x)φ(x), the Lagrangian density of the gravitational
sector
√−gf(φ,R) becomes, when choosing Ω(x) = φ(x),
√−g
[
1− ξ
φ2
R+ 6
1− ξ
φ4
∂µφ∂
µφ− m
2
φ4
]
, (4)
where ξ = µ2/R0. The field redefinition φ
2 = (1 − ξ)/σ
transforms (4) into the Lagrangian density of a general
scalar-tensor theory of the Brans-Dicke type when the
latter is written in the Jordan frame:
√−g
[
σR− ω(σ)
σ
∂µσ∂
µσ − V (σ)
]
. (5)
The Brans-Dicke dimensionless parameter ω takes here
the value ω = −3/2 and the potential is V (σ) =
m2σ2/(1 − ξ)2. Although the gravitational sector ob-
tained after this transformation is of the Brans-Dicke
type, the conformally transformed action with its mat-
ter part is not of a Brans-Dicke type theory since the
matter Lagrangian density
√−gL(gµν , ψ), even with-
out direct coupling with φ, takes after the conformal
transformation and the scalar field redefinition the form√−gσ2L(σgµν , ψ) and hence the scalar σ couples with
matter and is not really the Brans-Dicke scalar of the
Jordan frame.
B. An R-dependent scalar potential
Another important qualitative feature of this model
resides in the induced potential of the scalar field due to
its appearance in the exponent of the Ricci scalar. The
shape of the potential being dependent on R (see Fig. 1)
an effective mass for the scalar field, different from the
original mass m, then results. Indeed, the induced R-
dependent potential reads
2V (φ) = m2φ2 + µ2
(
R
R0
)φ
. (6)
Its minimum at φ0 is given by V
′(φ0) = 0 where the
prime denotes a derivative with respect to φ. Hence we
find
φ0 = − µ
2
2m2
(
R
R0
)φ0
ln
R
R0
. (7)
The effective mass is then obtained by writing m2eff =
V ′′(φ0). The result is
m2eff = m
2
(
1− φ0 ln R
R0
)
. (8)
Thus, the effective mass of the scalar field depends on
the size of the Universe and, more importantly, depends
also on the environment through its dependence on the
curvature scalar. This latter property is attractive since
it reminds us of the so-called Chameleon mechanism [15–
17] that helps avoid positive fifth force tests on the solar
3system scales by providing a huge mass in the Yukawa
coupling with matter. Indeed, using sensible estimates
for R [6] inside the Earth, at the Earth’s atmosphere, or
amongst the interstellar gas of the solar system, we have,
respectively, the following approximations for the ratio
R/R0: ∼ 10−94, ∼ 10−106, and ∼ 10−117. However, the
fact that the ratio R/R0 appears only inside a logarithm
in the above expression, the effective mass is at best two
orders of magnitude bigger than the original m when the
scalar curvature scalar satisfies R  R0 (or R  R0.)
As we shall see in Sec. IV, however, the possible order of
magnitude of the original mass m is sufficient to avoid
detectable corrections to Newton’s law. Still, a more in-
teresting application for this varying effective mass of the
scalar field may arise when the latter is used as a can-
didate for dark matter. In the present paper, however,
we shall not apply the model to a detailed study of the
problem of dark matter, restraining ourselves mainly to
the phenomenological features of the model due to the
high degree of nonlinearity of the equations involved.
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FIG. 1. In this figure we have plotted, for φ > 0, the function
V (φ) = φ2 + (R/R0)
φ to show how the shape of the scalar
field’s potential changes with the curvature R.
C. The field equations
The field equations one obtains when varying the ac-
tion (1) with respect to the scalar field and then with
respect to the metric are, respectively,
ηφ−m2φ− µ
2
2
(
R
R0
)φ
ln
R
R0
= 0, (9)
Gµν = T
M
µν + T
φ
µν −
µ2
2
gµν
(
R
R0
)φ
+ µ2 (Rµν + gµν−∇µ∇ν)
[
φ
R
(
R
R0
)φ]
. (10)
Here, Gµν = Rµν − 12gµνR is the Einstein tensor, TMµν is
the energy-momentum tensor of ordinary matter, Tφµν =
η(∂µφ∂νφ − 12gµν∂αφ∂αφ) − 12gµνm2φ2 is the energy-
momentum tensor of the scalar field φ, and  is the
D’Alembertian operator. Thus, we see that in addition
to the energy-momentum tensors of ordinary matter and
that of the scalar field, we have a third energy-momentum
tensor coming from the interaction of the scalar field with
curvature. It is this third ingredient that makes it pos-
sible to have different sources in the Einstein equations
at different curvatures. In the next two sections we use
these equations to analyze the very early as well as the
late-time expansion of the Universe.
III. THE EARLY EXPANSION
In this paper we shall analyze the spatially
flat Friedmann-Lemaˆıtre-Robertson-Walker Universe.
Adopting the spatially flat FLRW metric in the co-
moving coordinates (t,x)
ds2 = −dt2 + a2(t)dx2, (11)
where a(t) is the positive time-dependent scale factor,
and neglecting the spatial dependence of the scalar field
φ, equation (9) reads
η φ¨+ 3η Hφ˙+m2φ+
µ2
2
(
R
R0
)φ
ln
R
R0
= 0. (12)
Neglecting also the matter sources, the equations one ob-
tains when taking the 00-components of (10) and its trace
are, respectively,
3H2 =
η
2
φ˙2 +
m2
2
φ2 −
[
3µ2(H˙ +H2)
φ
R
− µ
2
2
](
R
R0
)φ
+ 3Hµ2
˙[
φ
R
(
R
R0
)φ]
(13)
R = −η φ˙2 + 2m2φ2 − µ2(φ− 2)
(
R
R0
)φ
+ 3µ2
¨[
φ
R
(
R
R0
)φ]
+ 9Hµ2
˙[
φ
R
(
R
R0
)φ]
, (14)
where H = a˙/a is the Hubble expansion rate and an
over-dot stands for a cosmic time t-derivative. In order to
analyze the cosmic evolution during the early times of the
4Universe we shall rewrite (13) and (14) assuming R ∼ R0
that is | ln RR0 |  1. In order to simplify the subsequent
analysis we shall choose η = 0 in the equations (12) to
(14). This allows us to discard the contribution of the
kinetic term of φ. This choice is amply justified near the
origin where the equilibrium potential becomes locally
flat as it is shown in Fig. 1. Hence, we can expand φ
in terms of ln RR0 using equation (12) and then relate its
time derivative to that of the Ricci scalar R as follows
φ = − µ
2
2m2
ln
R
R0
+O
[(
ln
R
R0
)3]
⇒
φ˙ = − µ
2
2m2
R˙
R
+O
[(
ln
R
R0
)2]
. (15)
Substituting these approximations in (13) and (14) we
obtain at the zeroth order approximation in ln RR0 the
following differential equations
3H2 =
µ2
2
− 3βµ
2
2
HR˙
R2
, (16)
R = 2µ2 − 9βµ
2
2
(
HR˙
R2
+
R¨
3R2
− R˙
2
R3
)
, (17)
where we have introduced the dimensionless ratio β =
µ2/m2. These final equations both admit a de Sitter
solution with a constant H constrained by the parameter
µ2 to be H = µ/
√
6. This solution may be assigned to
the minimum of the first curve depicted in Fig. 1 near
the origin. Indeed, on the one hand, we see from (15)
that any infinitesimal increase in φ, giving a positive φ˙,
induces a decrease in the curvature, R˙ < 0, that sets the
system rolling down the successive potentials depicted in
Fig. 1 all the way to the bottom where R  R0. On
the other hand, combining (16) and (17) yields, when
neglecting R¨/R2 and R˙2/R3, the following approximate
differential equation
H˙
H
=
βµ2
4
R˙
R2
, (18)
where we have used R = 6H˙+12H2 in the left-hand side
of (17). This indeed shows that the Hubble parameter
H decreases with the potential from the maximum value
H = µ/
√
6 it takes at the origin φ = 0.
Thus, with an estimate of about H2I ∼ 1020∼38(eV)2
for the Hubble flow at inflation [6], the huge order of
magnitude that must be imposed on the mass parameter
µ2 follows. In the next section we will see that this de-
crease of H continues even though on the lower curves of
Fig. 1 the scalar φ becomes decreasing towards the origin
again when the scalar curvature decreases below a given
value of the curvature R.
IV. THE LATE-TIME EXPANSION
In order to analyze the cosmic evolution during the
late-times of the Universe we shall use (13) and (14) as-
suming this time that R  R0, that is, | ln RR0 |  1.
Furthermore, we shall assume that during this cosmic
expansion the field remains constantly in equilibrium at
the bottom of each of the successive curves in Fig. 1.
That is, given the smallness of the Hubble flow during
the late-times, the scalar field evolves adiabatically with
cosmic expansion, acquiring a very small non-vanishing
variation φ only due to the continuous deformation of its
effective potential as a result of the changing in the size
of the Universe. We can thus neglect the kinetic terms
by setting η = 0. Therefore, equation (9) reads(
R
R0
)φ
= − 2m
2φ
µ2 ln RR0
 1. (19)
Using this approximation equations (13) and (14), re-
spectively, read at the zeroth order approximation in
(ln RR0 )
−1 as follows
3H2 =
m2φ2
2
− 6m2φ2Hφ˙
R
, (20)
R = 2m2φ2 − 18m2φ2Hφ˙
R
. (21)
We see that the first possibility is to have again a de
Sitter solution whenever the scalar field settles down and
takes on a constant value φ0. The constant Hubble flow
then would be H20 = m
2φ20/6. From the currently ob-
served Hubble parameter H20 ∼ (10−33eV)2 the order of
magnitude of m2φ20 follows but this does not imply that
the mass m of the scalar field would have to be fine-tuned
because it is the value of the scalar field φ0 that becomes
very small at low curvature. This steams from identity
(19) which, after multiplying the two sides of the iden-
tity by φ and taking R0 ∼ 1038(GeV)2, R ∼ H20 and
µ2 ∼ 1038(eV)2, yields the value φ0 ∼ 10−105 in Planck
units. Therefore, the mass m can be as high as ∼ 1072eV.
As indicated in Sec. II, this order of magnitude is high
enough to avoid detectable corrections to Newton’s law.
As mentioned at the end of section III, the Hubble
parameter actually continues to decrease due to the fol-
lowing fact. First, combining (20) and (21) yields,
H˙
H
=
m2φ2φ˙
R
. (22)
Next, by differentiating identity (19) once with respect
to time we find
φ˙
(
φ ln
R
R0
− 1
)
= − R˙φ
R
[
φ+
(
ln
R
R0
)−1]
, (23)
showing that φ˙ vanishes at φ∗ = −(ln R∗R0 )−1 and changes
sign to become negative. Therefore, below the scalar cur-
vature R∗ (from (19), we have R∗ = R0 exp(−
√
2e/β))
5the scalar field decreases and approaches the origin again.
Therefore, the term in the right-hand side of (22) is in
fact negative. This shows that at low curvature the scalar
decreases, i.e. φ˙ < 0, and the Hubble parameter de-
creases too.
V. MATTER STABILITY
The criterion of matter stability [18] constitutes a cru-
cial test for any modified gravity model in order to be-
come a realistic candidate for a theory of gravity. In
order to examine the matter stability one assumes [6, 18]
that the curvature scalar decomposes as R = RM + Rp
where Rp represents a very small perturbation brought
by the modified gravity terms to the scalar curvature
RM = T
M µ
µ created by matter through General Rel-
ativity, such that Rp  RM . One then neglects spa-
tial dependence and approximates the D’Alembertian by
 ≈ −∂2t . The model is said to be stable in the presence
of matter if the differential equation obtained for the per-
turbation Rp, keeping only the linear terms in Rp and its
derivatives, is of the form R¨p + αRp + const. = 0 where
α is a positive-valued function of RM .
Given that our model contains also an independent dy-
namical scalar field we shall treat the stability problem
in two steps. First we shall check the stability of the
scalar field under perturbations for a given curvature of
the background. That is, we shall examine the oscilla-
tions of the scalar field about its minimum φ0 when put
on one of the fixed curves at the bottom of Fig. 1.
Denoting by φp the small deviation of φ from its equi-
librium at φ0, equation (9) implies
ηφ¨p +m
2 (φp + φ0) +
µ2
2
(
RM
R0
)φ0+φp
ln
RM
R0
= 0. (24)
Since φ0 is the value of the scalar field at equi-
librium, we also have from (9) that (RM/R0)
φ0 =
−2m2φ0/(µ2 ln RMR0 ). Substituting this in (24), the latter
becomes
ηφ¨p +m
2φp +m
2φ0
[
1−
(
RM
R0
)φp]
= 0. (25)
Given the smallness of the second term in square brack-
ets, the differential equation satisfied by the pertur-
bation is thus, to a good approximation, of the form
φ¨ + (m2/η)φp + const. = 0. Therefore, provided only
that η > 0, i.e. that the scalar field is non-phantom, the
latter is stable against perturbations φp that come from
its kinetic term. Now that we explicitly verified that on
each potential curve the local deviations of the scalar field
from its corresponding equilibrium positions are stable,
we may proceed to the analysis of the stability of curva-
ture under perturbations Rp caused by the presence of
the scalar field. That analysis may now be carried out
by safely neglecting the kinetic term of the scalar field.
That is, we set η = 0 and treat φ as a non-dynamical
field that remains at the bottom of each of its potential
curves.
Taking the trace of equation (10) we find
3µ2
¨[
φ
R
(
R
R0
)φ]
−Rp−µ2 (φ− 2)
(
R
R0
)φ
+2m2φ2 = 0.
(26)
Substituting (R/R0)
φ using identity (19) valid for η = 0,
and then performing the second time-derivative in the
above equation, the latter reads, at the first order in
(ln RR0 )
−1,
12m2φφ¨
R ln RR0
− 6m
2φ2R¨
R2 ln RR0
+Rp− 2m
2(φ2 − 2φ)
ln RR0
− 2m2φ2 = 0.
(27)
Identity (23), however, implies that the first term in the
above equation is actually of the order (ln RR0 )
−2 and
must accordingly be dropped out from the equation. In-
deed, differentiating once with respect to time the two
sides of identity (23), we learn that at the leading order,
φ¨ ∼ −φR¨/(R ln RR0 ), and the first term in (27) is thus
irrelevant at the displayed order.
By keeping only the leading terms from each category
in (27) we obtain the following differential equation for
Rp
−6m2φ2
R2 ln RR0
R¨p +Rp − 2m2φ2 = 0. (28)
Now from equation (27) we deduce that 2m2φ2 consti-
tutes only a positive fraction ζ of the perturbation Rp.
Substituting this in (28), together with the approxima-
tions R2 ≈ R2M (1+2 RpRM ) and ln RR0 ≈ ln RMR0 , then yields
R¨p +
[
2(1− ζ)
3ζ
RM ln
R0
RM
]
Rp + const. = 0, (29)
where in const. we have collected all the terms depend-
ing only on RM and R0. The coefficient that multiplies
Rp in this second order differential equation being pos-
itive demonstrates the stability of this toy model in the
presence of matter.
VI. SUMMARY AND DISCUSSION
We have studied in the present paper a toy model for
a f(φ,R) gravity in which the scalar field plays the role
of a parameter that permits to continuously switch from
different gravitational Lagrangians according to the cur-
vature of the environment. The parameter is not free but
constrained by the dynamics of the model itself. Hence,
in a sense, the model exhibits a chameleon behavior vis-
a`-vis the structure of its Lagrangian. We saw that dur-
ing the expansion of the Universe, the action becomes at
high curvatures the Hilbert-Einstein action augmented
6with a huge cosmological constant while at low curva-
tures it becomes the Hilbert-Einstein action with a tiny
cosmological constant.
We have seen that by identifying the constant param-
eter R0 with the curvature at the beginning of inflation,
any positive increase in φ induces a decrease in the cur-
vature all the way to its present very low value. Since
the potential of the scalar field begins to decrease at the
very instant when the field φ leaves the origin towards
the positive values, we may assign this behavior to the
process of reheating during which the huge potential en-
ergy at the beginning is transformed into radiation that
fills the Universe at the end of inflation. However, the
detailed process of reheating in this model still remains
to be examined more precisely.
Finally, we would like to end this paper by describing
what happens if the field φ leaves the origin from its equi-
librium position on the highest curve in Fig. 1 towards
the negative values. In that case each of the different
curves displayed in Fig. 1 gets a symmetric image at the
left of the vertical axis. Therefore, when departing from
the curve situated at the top of the figure and infinites-
imally going to the left, the shape of the potential of
the scalar field changes continuously until it reaches the
lower curves as in the case of a positive scalar field. How-
ever, during this decrease of the potential the curvature
scalar R increases instead and goes way beyond its initial
value R0. Hence, in this toy model there is no classical
mechanism that prevents R from reaching infinite values.
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